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Ayman Badawi

QUESTION 1. Let <, > be the dot product on Py. Given W = Span{z® + z + 1, 2* + z} is a subspace of P;. Find the
orthogonal complement of W in Py [ Hint: Use the fake S.M.R of T and the Fake S.M.R of T, assume that the inner
product is the dot product] "

W W = gpanf(1,00,1), 11,0,1,0

M = (I \\l N\‘t:
Lo to

l
|
fake .M R of TR RT gote (MR

gubspace of {12
‘ ] = Range (T%) 2 W/
0
J
0

o L
Rangyc (T°) = Z(T)

l ]o R =Fa 1 o 1 t)0
Solve homogenoud - {l i : 'S o [O > e
|
Q?,;jf_\j—}Rl } O | 010 = )(erb Xy free
[O G O —llo )Cl:'.--,\f3 z
1.6,1,0)
Z(T) = Z(—X3;><L/>‘3 /0)1 ZExl(O/‘/C’/O)*X_%( \, 07

£\ 4
‘;Spuh[ (_O(\/OIO)/ ("\/O/ \/O)j = Qoﬁge v )

=) \J\\_Lr- qu‘nzx2/ _ng,.)(}

QUESTION 2. Let <, > be the dot product defined on R?, and R>. Given T € Homp(R?, R?) such that T(a,,a;) =
(2a) + a2, ~a; + 4a3,~5a2). Find T* € Homp(R?, R?). >
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QUESTION 3. Let V = HOMg(R?, R?) = Lp(R3, R?). Find dim(V) and find a basis for V..
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QUESTION 4. (Stare at the above question). Let V = Homg(P;, P2). Find dim(V') and find a basis for V.
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QUESTION 5, (short proof) Let T} € HOMg(V,V), T € HOMz(W, W}, and let X = V & W. Define a linear

transformation L : X —+ X such that L(v, w) = (T (v), T2 (w)). We know (class notes) if a is an eigenvalue of T or T3,

then a is an eigenvalue of L. Now prove the converse, i.e., Show that if ¢ is an eigenvalue of L, then c is an eigenvalue
of T} or T>.
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QUESTION 6. Let B = span{ [] : ? ? , : ;J} We know that < 4, B >= Tmr-e(ABT ) is an inner product
on R**2_ Find an orthogonal basis for B (under < , >) Lt+ V) = [; ] 3 l J V3 [ !
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If we decided to use the dot-product on R**2, will the elcments of the basis that you calculated above stay orthogonal?
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QUESTION 7. (Short proof} Let W be a proper subspace of a finite dimensional vector space V.
(2) Show that there is a subspace L of V such that V = W @ L.(do not write much details )
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(b) Show that there is a subspace L of V such that V = W + L
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QUESTION 9. Let B = spen{z? + 1,22} be a subspace of P3. We know < f(z), k(z) >= fu f(z)k(z) dz is an inner
product on Py. Find an orthogonal basrs for B (under <, >).
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QUESTION 10. Let V = spa;{(l,ﬁ,[;;t, 2’), (—Vl,-'-—‘}‘:rl, 1)} be a subspace of X = R, |

(a) Find a subspace W of R” suc X= . - o
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(b) Find P. Pro;v , P27 = Proj{f,, and then find the standard matrix representation for Py, P, say M\, M. (You
may calculate Q~', on the back of this page, but not in the given space). (NOTE that our definition of Poj;* hereis a
the identity linear transformation from R* to ?* such that P;(v) = vif v € V and P (v) = 0, f v & V... Thereis

another definition of Proji¥ invelving <, > on X, but this is net what I mean here (just as we did in class)
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QUESTION 11. (Application of spectral theorem ) Let A/ = [0 3 2} . Let T ¢ HOMg(R? R?) such that
0 0 1
T(ai,az,a3) = M [ﬂz} ﬁ /7
(a) Convince me that V. =W + U for some invariant subspaces W, V of R3. +
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(b) Let P, be thc projection of R? onto W and P; be a projection of B* onto U. (Note that'each is adcmpotcnt
PP, =0, and P, + P, = I (the identity map)). 2
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(c) Find the standard matrix representation of Py and P», say M, M,. (Note that M, M> are idempotents, M M = 0-
matrix and My + My = 15) |
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d) Find the standard matrix representation of P\{T), P>(T), say Ly, La. (See cl?é notes, and (c) and you are done).
(Note that L) = aM) and L, = bM,, L, L; = O-matrix, Only one of them in this question is idempotent, and Ly + L, =

M.ie. P(T) + Py(T) = T. y
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leé?rTION 13. Dedﬁne a fu;gnon <,> on R? such that < (ay,a2), (bi,b2) >= |a1b} + |a2b|. Convince me that <, >
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QUESTION 1. Let <, > be the dot product on P;. Given W = Span{z® +z + 1, 2% + z} is a subspace of P;. Find the
orthogonal complement of W in Py [ Hint: Use the fake S.M.R of T and the Fake S.M.R of T*, assume that the inner

is the dot prod = T
product is the dot product] we 1nous 4 RanﬂeCr*) L: =2 (-r) __) W= 7, (.l )
clefinc T Rl —7 P71

Mg of T - : ﬂ
b Moo the fule S D 2(1)% [n : XLX ’ L’-

b
T(ax’s b2 icetd) = M- ¢

Lo ttrE =0 D "Cf+C'+E=D
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QUESTION 2. Let <, > be the dot product defined on R?, and R*. Given T € Hompg(R?, R*) such that T(ay, a2) =
(2a, + a2, —a; +4az,—5az). Find 1" € HOTIIR(R?', Rz).

b2y
. R? ) ¥ {\71

TR R - - T*h, 02,53) = M bg

, Teay ;4 = (3sas,—aridy, - 2) n -1 O &ﬁix
LA MRt i M Rof Te - [\ iy -5 w3
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M=\ g STERTIE Sk
o - b, L\-l + \32.

X
T (bubq]\ij) - (le"b%)bl'*qbg',

vk THRE > B>
T+ ¢ Hom ( R @2,)

Ty(b‘jszb_g):["—_.f —'—)

o) gat we T SR of T

- o]
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QUESTION 3. Let V = HOMp(R?, R?} = Lg(R?, R?). Find dim(V) and find a basis for V.

we know Homg (RL R RS

So dim{ V)= dm(R°) = 6 o
we need 10 find 6 ladp C:'nudmf’lﬁ- From K>— E

TR - RP .Ts""RB__vW
Ti(a, be) = (a,0) T, O = Corb)
. Tq'af"} —> 5 'T(,"Ra'_a R*
T; Ca b, ) = (Bs o) T, carbed = (6.:¢)
y s B3 52
TSC‘ME;L)’CC’O) Basis i V;S[)anz T.')Tz)‘TS/T‘*I Tg,Txi
Ty RH — RT
Ty (aibie)s Cor o2

QUESTION 4. (Stare at the above question). Let V = Hompg(Ps, P»}. Find dim(V) and find a basis for V.

l—lomR 'J%lﬂ.) ?(F%,PG “STq . PB > P_L

dim{yYy = 5 T, Can* br1c) = o

| .
—]T“F_;Pl A’Tgipa'—apl .

!

(ax’—& b 4c) =

T(ox*sbrsc) = AKX Ts
i'_?-'P — P 3"'r{g'uP3 — P2

. b7 '\'L(an‘--yl:‘x—-r(_) = C
o A A P O P
ER Pz — B Basis for V = SPAP (5 0, 2, 3, "t .
E(QVL*b%+C) = Q%

QUESTION 5. (short proof) Let Ty € HOMp(V,V),T» € HOMz(W,W), and let X = V @ W. Define a linear
transformation L : X — X such that L(v, w) = (T (v), Ta(w)). We know (class notes) if e is an eigenvalue of T} or T»,
then a is an eigenvalue of L. Now prove the converse, i.e., Show that if c is an eigenvalue of L, then c is an eigenvalue

of Ty or T,
S lakle ¢ be fne e:‘qc.-:valwz oL L (a-/rzj/uﬂaaﬂj fo treigtn spacc vio) € X

LCvio) = ¢V, 0) |

Levyo) = (T o) = Gio) => Tiev) =iV
=LV ©)

toave Cyp be ks eia.cn\!a-\w- PR

T%w)) s alow) =0,630). gy is an eigpnunte

Cy 15 o €€6QWVW\M of -Tl

resPonding 10 e eigensp ace (e, W) & X
of T

.
Liow)y = (o),

TQ}ZO, c. be Yra ef‘%cn\lulbc o# L ‘Eof Q\le) 6 x C3 &'genifd"’-
> 3

L Twy =V 3 for both Tu /T
Lo, w) = v, ) =(C3v,C39) =T, Tatw)) = 11y 28
Thzr-(lore_/ ir ¢ i an .&i?cr\\;dm of L fen ¢ is an Ofaxn\/‘d“' -f T' a(T, of T.QTZ.
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QUESTION 6. Let B = span{ : :] ) (l) ]J “ 2]} We know that < A, B >= Trace(AB7”) is an inner product
on R%*2, Find an orthogonal basis for B (under < , >) C a-l cul olions

o 2 o
> USm_c, Giarn, SChoadt < =<vy W, Y = Trae (VawW)= framk[ ) [‘ \
oF @ Span § Wi, Wi, )

=t ([%3) = M
xWy = v, = [I {;)

5 <wiwy> = Fraee (WD Hae ( HIIED
¢ Wa = v"".iﬁﬂ)_'”\ S
- =4
ful’wo -'h'OLLL(['L.?_

-1
) a1 [2 o) )
- {:l l) o - > Svy Why 2 Ha@(\/f_l).h'TJ ‘HMC(_[ L‘ DJ
= drgce L[T L;J)
o 7

% Waz V3 — SV3PR W _ <V Wisl S Lva Wy s o
< gy Swn, Wi

PRy
i =My Ay --><Vs,aw.>:frale(%MT):Jrram { [| 'I-J L‘ ‘] )
b .
- Ea m]é[\ ,} E l__.\n( m\) el [ 2 ;]) )
H
Y]
-l /i ‘f}
M al
So BLz Suoun f | | ] [ fu 3/
is Yw
Bub iF ez s or%aﬂanﬂvp so is W3

o -:]
news =

5 B*= Span § [i0] [d”} ['I';J}

If we decided to use the dot-product on £2*2, will the elements of the basis that you calculated above stay orthogonal?

: A : e
yes pecanbe we Shll gof CWIJ"JJ> =@ Ix). ysisd, 18

Wik vtj;rjj Fhe dot Frociud twy Y ianey ‘zra&wd-.
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QUESTION 7. {Short proof) Let W be a proper subspace of a finite dimensional vector space V.
(a) Show that there is a subspace L of V such that V = W & L.(do not write much details ) #7 (T) = Ov .

o Show) iSomof plhism  we  Shotd bake N7 SPAN SO, by - - - a3 basis
i) = 3im (WL and wfine W SPRr G - Wied
« L=spang ¢, 8, . ‘/{n-zg

Tov > wOL S 201):0,
ta ke VG':Z{T)j 'v_: q‘b\ + g{sz.‘.- L - .&c{nbn

It amv) = nAY

}“’L‘/’& him kw) = K Zn > Aim (Lj snek T(“) = QAIUH- -1&,(_"0&)(.‘ v~ "C‘n-k_{“"")z(oﬂ-
. . L Q4 - dewe =0 it o o z(7)z0
Tren 3imy) = dim L:\l(? K)/ c\leu— R o df cizo = )_ﬁ-—v
n = Nn-
S (b) Show that there is a subspace L of V suchthat V = W + L.
we kngw if L, W are  Subspacel of v Then. Jadery, LOW =© S (Lyw)=10N

wenee. we can ind g Lunerely. In:fp. elepents o

6Fan(L+vd) hence spamg(l,fw)S:. SPQ“é;VIJ
Ltw = v

LtW=$ iw leel, wews is a subspac °FV
Gt dimlltw) = n-k + K dim (LOW)

;i vy Va V3
}mm_@," QUESTION 8. Let }/ = sgpp{(l, 11,1, l),(gJ 1,1,1,1),(-1,-1,0,0,0)} and
aekien  W={(0,0,1,1,1),(1,2,2,2,2),(0,0,-1;21, 1)}.

. Find a basis for V -+ W and find a basis for V N ¥,
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OJO,| L[ =uloo | !—MVMOOD';)S??\JN
o2 22 A fwvjo bl : W OO OO oo 23 VT
- - o -1 -l VA
o 04 ) wlo

gpan § CLL 1), (0,1 ), Corerr @) S

g Basts f‘ar VW = | l)
%(‘;ia L), Lo,l,l,';l),(o,c-,—i, I 3

o1 SFM\

¢ Lot vOW 15 -P-Uuwcl Bom The Zero WS
11"‘6 8“5' &
N +V3) Wy = (040,00 0)

w, = 1+ V3 = (D’O’I’I'l)

U\}l—\ﬁ.-v?\ = (DIOIO/OIO)
waz vy = (12 2,2,%)

i e pol VW = span g (oo 1), (1223
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QUESTION 9, Let B = span{z® + 1,z*} be a subspace of P;. We know < f(z), k(z) >= j;,' f(z)k(z) dz is an inner
product on FAy. Find an orthogonal basis for B (under <, >).

YSin Quﬂrh-&hwc“ .,
; e o0 'Hnojomj La§is For B

Lo« Wy, Wy be
-M‘QfSPunz 1 2 ) Sns (xe1)

-
Wiz Voo = x> | W42 23 /15
R R S 2 -
wWa s Vo = Sa et - 7 T
vy, vy ) conawr sa: s

but of Wa o (rodor

1 > 1—,)
Lo < mt A (X
= 7 A= dwr = AE— A5

<, \lr n‘-&\}

‘ ’ L i L
s Sut, ey = J alen’ Ju: A;T 25’ 1-?‘_;,— 2 - Span } (%’H)/(W’ '2'/;)§
l 5 3 l
Y ?"'“) bl Dz L A S %_ r Y +7f-L
= 28
= &2
i N
QUESTION 10. Let V = span{(1,2,-1,0),(—1,—1,1,1)} be a subspace of X = R. 1L A -1 0
(a) Find a subspace W of R* suchthat X = V + W. Swopeh oF o=l
Pind Awo moc wndeptndont elements i RNV - e g o U
w wa w/ o & ._L
- oty © P R ol e | T
\:\J—SPM?(O/ Iy ),C R ) )3 fw!.

(b) Find P, = Proj¥, P2 = Proj{%,, and then find the standard matrix representation for Py, P», say M), A,. (You
may calculate @, on the back of this page, but not in the given space). (NOTE that our definition of Poj{f hereisa
the identity linear transformation from R* to R* such that P, (v} = vifv € V and P,(v) = 0, if v € V... There is
another definition of Proj{f involving <, > on X, but this is not what I mean here (just as we did in class}

’ . 0% RY RV (&84 n (P = W
puRY—s RY (Gt mp(P)=V) 2 Ri—s R (64 runge (P)= W)
Pg[ﬂvlmwcwffdwg) - C W ¥ W

- v
P (avi+bvatcwiq dw) = Av + vy S0 PLuy= o BLVE)= OX

- ®
So Pt(V.]:VN F'I (v) = Vg where Vi, V2 b.:._t,.;far\/ PQ_CUJI)‘Z W P?,(UJ'L)- wh' i oﬁ
1 'N |_
Pf{-wl) Ox»@,(wﬂ“o}( wher M'NL bus§ 10 | o o0 0 2 - 0 0
®rv,) Divy Pl fpem) L >Q | _ 0 00 — ‘.1 -1 1 I p
I =" 9 o 1 -1 0o Mg‘w,," 00t~ N%lo | o
% . 0 0 9 -1 o0 © S ] Vo606
=) 1T 1 @0 S T RN 0© 90 % 1 ©o0
‘GJ) 0 | o9 o 9 - oo 00 vy @ Vo
M @ oo | D a 1o
| oo W V0D F’l'lﬁ Twie g oo !
i '—
4|—M|VJ_,Q = Q\—l ol:_ l | ¢ Q o OOO
- R N l (',7 0o @0 0
L -1 0 -
L 009 o 1 00 Maz (55 6 S
S1-1 0f 8
.t 0o

(c) Is it true that M7 = M, and M§ = M7 Find M) + M3? are you surprised? What is M) Af>?
A 1
M | 'JJJI L

i

D f -
0 = S
I

Qo 8 =
a~0°

[
o
o
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QUESTION 11. (Application of spectral theorem ) Let M =

a|

T(as,az,a3) = M {ﬂz

} o> cingonet

az

(a) Convince me that V = W -+ U for some invariant subspaces W, V of R

-3 o -2
ﬂ”Ml’ o W -2 | (p-W) =e
b G -
P)I-“u ‘7‘7:3: 3

g a\genfpa& for P Z2X) %o D Ayz-X3

o
-4 0 -2}[:{1 [0] => —2¥ -%’3‘ o => 2ok
-3 -2 Fle

iy 1= SPW%[]} i(w;;jg'

The @agen Spuce comzr/ﬂancﬂia:j ro 3=3 L3

[
et [ FTE

(b) Let P be the projection of R* onto W and P; be a
Py P; = 0,and P, + P, = I (the identity map)).

P iR —s R (oot Runel W)

P; (awnbuwcuzj .—.RGLD\_?) = a W,
WhENL Wy 15 abugis oF Wand u, by ovre B4STS -FU

o -1

o
6 0 -4
6

2
2
1

o O W
(=R R}

} . Let T ¢ HOMRg(R? R?) such that

|

So Sine e Characlisiic €] ¢ of it {1ansfe.

Coule be whtifha}smu}hphm,ﬂan of Linear ﬂ,do(g

avel Iim (E ) = mdhflncafj of dhu er’JI:ohJ‘l'
eig.tn v hne-

ten T is diagonkizble

omd by dhe  spedtal Theorer

V= WaU

wherd, W ad U are inmricn.l- Sul:g,:«qer
SWe2Er ) take WeE,

Tw)= 4w e Bt
5 U- Ea) take uets

Tiuyz 34 €t

projection of R? onto U/. (Note that each is idempotent,
P';,%Ra » R3 ( S+ Rw\je(Pq.): U)

Pq (ad),+bu.4cwz) = buy+C U2

pz‘ l(w” — OV ¥

D,(UJJ:L«J,:_(_-I,-I,U P%(ut); u, = (1,0, 0)
(Pl(”'l);o\‘ } P (42) = Oy P2 (uz) :ui:COII;O)'
(c) Find the standard matrix representation of P and Pz, say Ay, A, (Note that M, Az are idempotents, MM, = 0-
matrix and M, + M2 = ) "")Q o ! 0 [ O
1 00O b0 v -OO'J’M |
)llwfe = -1 0° v -t 6 1 e = g o 0 - _1 o 0
| 00 ' 1 00 Lo
- F%_.;;ﬁ.
-1to o) fooi _ 0 0o |
o ! o !
M= Mwe Q7= “oolls Y -1 0! {0V,
|— e ‘OO 'Or, M'l.';MzHeQ = DOO
0 o -
= o -
M [08 .'] o |
- 9 [
RS ol (o] fe,
i @JUQM’IO”S . -[
wree My Mas
mn!) M, Ma : 0
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d) Find the standard matrix representation of P (1"}, P:(T"), say L, La. (See class notes, and (c) and you are done).
{Note that £y = aM, and L, = bMa, L) L>» = O-matrix, Only one of them in this question is idempotent, and Lj + L; =

L, = M S1y VS idempottat Since e S V\m ‘ 2o 3
0 0l eytavalue =1 50, vy o 3 3
L - 0 0-! \ 4 0 o o ©
! ﬂOl L?‘(U)-Ln—‘ﬁ’ v= V
3 6 6
QUESTION 12.Let A = |-3 -3 -9|. Find the smith-form of A over Z, i.e., find invertible matrices R and C
o 0 9

over Z such that RAC = D, where D is a diagonal matrix with d),d;, d3 are on the main diagonal such that d, | d; | d3
and dydady = £[A|. 4 3{1" SRS AR

C
o o 3 6 6 o Cp 03 53
(o] ] O:} ,.3 -3 -9 [i) C‘) \ 1 _2 0 3 o O I o -LI
‘ o
(oY

Rl-rl?:.—')ﬂ‘ © el O L
| 6 O 366 10 0 ’Y/ D

[ o © 3 g1 0 A

ol

0 o1

- R,—-—S’R.

3R, 4 . oo

=i =20 3"_3 o1 0
[] I o .03 o

o 0o 9

o © 3

“HC|+C3""C'3
= ;) O ~H

4 -1 0 3 20 o | o
t\ v O 03-3 & I
)
o ©| o o 4

QUESTION 13. Define a function <, > on R? such that < {aj,a2), (b1, b2) >= |ayb| + |a2bn|. Convince me that <, >

is NOT an inner product on R®.
<(a ¢ .
g P’Of“"'e’ of e wher @ ( naz)+(c, 7’)) (b, ba)>-= ﬁCQHC\) Qya ‘}icbhb"->

Ffod,u'of’ Fraf Fes arty 4eF-R = l(a,*c.)bul riconi€a) o) = lq‘bf‘*thi',qzbl'clbz,ﬂ
@ <o{(q’1qa))(b.)b,_)> = <(da,du),b,,b2)> UsiYg }ringle m.ct?..mfflh:l.
Ja, bl lc byl + 1 aabal +lcaby ]

:qub.l”u( =lalfla bl +|azb
] a:,bﬂ (l 15 3 1‘) - <C°‘Uq1))(b,,b1)? +<Qc,,(;)}(mb1)>

?:l(cddbcénf e = | « I«_qu av), Ch,bpy %o L(a, ,83) -t(Cl;C%))GDubz)) -.% <(q,ﬂ1),(bub1)>
ul 2Yati '% % <Ca‘,,0l1);u7|)bl) > * hente Hie propert Lals + <¢a, ), (b bz))
X hen . , oy,
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